Many black hole spacetimes with a 3-form field exhibit a hidden symmetry encoded in a torsion generalization of the principal Killing-Yano tensor. This tensor determines basic properties of such black holes while also underlying the separability of the Hamilton-Jacobi, Klein-Gordon, and (torsion-modified) Dirac field equations in their background. As a specific example, we consider the Chong-Cvetič-Lü-Pope black hole of D = 5 minimal gauged supergravity and show that the torsion-modified vector field equations can also be separated, with the principal tensor playing a key role in the separability ansatz. For comparison, separability of the Proca field in higher-dimensional Kerr-NUT-AdS spacetimes (including new explicit formulae in odd dimensions) is also presented.
I. INTRODUCTION
Hidden symmetries of dynamics play a crucial role for the study of diverse physical systems that can be relativistic or not, with or without gravity, classical or quantum [1] . Particularly useful for black hole physics is the hidden symmetry of the principal Killing-Yano tensor [2] . Such a tensor not only generates other explicit and hidden symmetries, it also determines the algebraic type of the solution, and allows for a separation of variables when studying physical field equations in black hole spacetimes.
The Golden Era of field equation separability in Kerr geometry spanned the late '60s and '70s. During this period, separable solutions were found for particles following geodesic motion, test scalar and spinor fields, as well as massless vector (spin 1) and tensor (spin 2) fields [3] [4] [5] [6] [7] [8] . Much later, after the generalization of Kerr geometry to higher dimensions by Myers and Perry [9] , a flurry of papers extended the results for geodesic motion [10] , and test scalar [11] and spinor [12] fields to arbitrary dimensions-all thanks to the principal tensor. However, the appropriate separation scheme for vector and tensor in dimensions D > 4 remained elusive.
A breakthrough on this front came in 2017 when Lunin demonstrated the separability of Maxwell's equations in Myers-Perry-(A)dS geometry [14] . Lunin's approach was novel in that it provided a separable ansatz for the vector potential rather than the field strength, a method that had previously seen success in D = 4 dimensions [7, 8] . In 2018, Frolov, Krtous, and Kubiznak showed that Lunin's ansatz can be written in a covariant form, in terms of the principal tensor [15, 16] , allowing them * rcayuso@perimeterinstitute.ca † fgray@perimeterinstitute.ca ‡ dkubiznak@perimeterinstitute.ca § amargalit@perimeterinstitute.ca ¶ rsouza@perimeterinstitute.ca * * lthiele@perimeterinstitute.ca to extend Lunin's result to general (possibly off-shell) Kerr-NUT-AdS spacetimes [17] . The separation of massive vector (Proca) field perturbations in these spacetimes (an achievement previously absent even for the four-dimensional Kerr geometry) followed shortly after that [18] , see also [19] [20] [21] .
The separability of the vector field hinges on the existence of the principal tensor. Such a tensor: i) determines the canonical (preferred) coordinates in which the separation occurs, ii) generates the towers of explicit and hidden symmetries linked to the 'symmetry operators' of the separated vector equation, and iii) explicitly enters the separation ansatz for the vector potential P . Namely, this ansatz can be written in the following covariant form:
where the tensor B is determined by the principal tensor h and the metric g according to
with µ a 'separation constant'. The solution for the scalar functions Z is then sought in a standard multiplicative separable form. In what follows, we shall refer to the ansatz (1) with B given by (2) as the LuninFrolov-Krtous-Kubiznak (LFKK) ansatz. Remarkably, the LFKK ansatz works equally well for both massless and massive vector perturbations. It is also valid in any dimension, even or odd, as discussed in Appendix A. However striking the above results are, they have one serious drawback: the existence of the principal tensor is largely limited to vacuum black hole spacetimes. In fact, the conditions for its existence are so strong that they uniquely determine a (rather restricted though physically interesting) class of admissible spacetimesthe off shell Kerr-NUT-AdS metrics [22] . For this reason various generalizations of the notion of hidden symmetries, that would allow for more general spacetimes while preserving integrability features of the symmetry, were sought. One such generalization, that of the KillingYano tensor with torsion [23] [24] [25] , turns out to be quite fruitful. Such a symmetry exists in a number of supergravity and string theory spacetimes, where the torsion can be naturally identified with a defining 3-form of the theory. Although less restrictive, the principal tensor with torsion still implies the essential integrability features of its torsion-less cousin and underlies separability of Hamilton-Jacobi, Klein-Gordon, and torsion-modified Dirac equations on the black hole background.
With this in mind a natural question arises: is the vector field separability described above limited to the vacuum spacetimes? It is the purpose of the present paper to show that it is not so. To this end, we concentrate on a prototype non-vacuum black hole spacetime known to admit the principal tensor with torsion [25] , the Chong-Cvetič-Lü-Pope black hole [26] of D = 5 minimal gauged supergravity. We show that the LFKK ansatz can be used for separability of the (properly torsion modified) vector equation in this background. Our result shows that, despite the presence of torsion considerably weakening the structure, the principal tensor with torsion remains a powerful tool for separability. At the same time it means that the applicability of the LFKK ansatz goes far beyond the original setup in which it was first considered.
Our paper is organized as follows. In Sec. II, we review the torsion generalization of Killing-Yano tensors and introduce the principal tensor with torsion. Sec. III is devoted to the Chong-Cvetič-Lü-Pope black hole of the D = 5 minimal gauged supergravity and its basic characteristics. The novel contribution of the paper comes in Sec. IV where the torsion modified massive vector (Troca) equation is introduced and shown to separate using the LFKK separability ansatz. We conclude in Sec. V. Appendix A gathers the results on separability of the vector equations in the off-shell Kerr-NUTAdS spacetimes-the results in odd dimensions are presented for the first time and allow us to compare the five-dimensional vacuum result to the supergravity case studied in the main text.
II. KILLING-YANO TENSORS WITH TORSION
Let us start by briefly recapitulating a 'torsion generalization' of Killing-Yano tensors which has applications for a variety of supergravity black hole solutions.
In what follows we assume that the torsion is completely antisymmetric and described by a 3-form T , with the standard torsion tensor given by T d ab = T abc g cd , where g is the metric. The torsion connection ∇ T acting on a vector field X is defined as
where ∇ is the Levi-Civita (torsion-free) connection. The connection ∇ T satisfies the metricity condition, ∇ T g = 0, and has the same geodesics as ∇. It induces a connection acting on forms. Namely, let ω be a p-form, then
where we have used a notation of contracted wedge product introduced in [27] , defined for a p-form α and q-form β as
Equipped with this, one can define the following two operations:
Note that in particular we have δ T T = δT . A conformal Killing-Yano tensor with torsion k is a pform which for any vector field X satisfies the following equation [23] [24] [25] :
where D stands for the total number of spacetime dimensions. In analogy with the Killing-Yano tensors defined with respect to the Levi-Civita connection, a conformal Killing-Yano tensor with torsion f obeying δ T f = 0 is called a Killing-Yano tensor with torsion, and a conformal Killing-Yano tensor with torsion h obeying d T h = 0 is a closed conformal Killing-Yano tensor with torsion.
Despite the presence of torsion, the conformal KillingYano tensors with torsion possess many remarkable properties. The following three are especially important for 'generating other symmetries' and separability of test field equations (see [25, 28] for the proof and other properties): 2. Closed conformal Killing-Yano tensors with torsion form a (graded) algebra with respect to a wedge product. Namely, let h 1 and h 2 be a closed conformal Killing-Yano tensor with torsion p-form and q-form, respectively, then h 3 = h 1 ∧ h 2 is a closed conformal Killing-Yano with torsion (p + q)-form.
3. Let h and k be two (conformal) Killing-Yano tensors with torsion of rank p. Then
is a (conformal) Killing tensor of rank 2.
In what follows, we shall concentrate on a principal tensor with torsion, h, which is a non-degenerate closed conformal Killing-Yano with torsion 2-form. It obeys
The condition of non-degeneracy means that h has the maximal possible (matrix) rank and possesses the maximal number of functionally independent eigenvalues. Starting from one such tensor, one can generate (via the three properties above) the towers of Killing tensors, and (closed conformal) Killing-Yano tensors with torsion. In their turn, such symmetries can typically be associated with symmetry operators for a given field operator. For example, Killing tensors give rise to operators commuting with the scalar wave operator, and (closed conformal) Killing-Yano tensors with torsion to operators commuting with the torsion Dirac operator. When a full set of mutually commuting operators can be found, one can typically separate the corresponding field equation. It is in this respect the principal tensor underlies separability of various field equations.
The existence of the principal tensor imposes severe restrictions on the spacetime. In the torsion-less case, such restrictions uniquely determine the Kerr-NUT-AdS class of black hole spacetimes [22] (see also [29] ). Although no full classification is available for spacetimes with torsion, nor is it clear if such spacetimes have to admit any isometries [30] , several explicit examples of supergravity solutions with a principal tensor where the torsion is naturally identified with a 3-form field strength of the theory are known. Among them, perhaps the most 'beautiful' are the D-dimensional Kerr-Sen spacetimes [28] and black holes of D = 5 minimal gauged supergravity [25] .
In this paper we concentrate on the latter, very 'clean' solution without scalar fields, known as the ChongCvetič-Lü-Pope black hole [26] . It is known that for such a solution the principal tensor guarantees integrability of the geodesic motion [31] , as well as separability of scalar [31] and modified Dirac [31] [32] [33] equations. Our aim is to show that it also guarantees the separability of properly torsion modified (massive) vector field equations.
III. BLACK HOLE OF MINIMAL GAUGED SUPERGRAVITY
The bosonic sector of D = 5 minimal gauged supergravity is governed by the Lagrangian
where Λ is the cosmological constant. This yields the following set of Maxwell and Einstein equations:
In this case the torsion can be identified with the Maxwell field strength according to [25] 
Having done so, the Maxwell equations can be written as
In other words, the torsion T is 'T -harmonic'. Here, the first equality follows from the fact that δ T T = δT , while the second is related to the special property in five dimensions (with Lorentzian signature),
valid for any 3-form ω. The principal tensor equation (10) can now explicitly be written as
A general doubly spinning charged black hole solution in this theory has been constructed by Chong, Cvetič, Lü, and Pope [26] . It can be written in a symmetric Wick-rotated form, c.f. [25] :
where
The solution is stationary and axisymmetric, corresponding to three Killing vectors ∂ ψ0 , ∂ ψ1 , ∂ ψ2 , and possesses two non-trivial coordinates x 1 and x 2 . Here we choose x 2 > x 1 > 0 and note that the metric written in this form has det g < 0. We have also used a 'symmetric gauge' for the U (1) potential; the electric charge of the Maxwell field F = dA depends on a difference (e 1 − e 2 ). In order to satisfy the Einstein-Maxwell equations, the metric functions take the following form:
where of the four free parameters A, B, C, c only three are physical (one can be scaled away) and are related to the mass and two rotations. As per usual, the separability property shown below does not need the special form (21) and occurs "off-shell", for arbitrary functions
As shown in [25] , the spacetime admits a principal tensor with torsion, which takes the form
Interestingly, the torsion (14) in Chong-Cvetič-Lü-Pope spacetimes is very special as it satisfies the following conditions:
This implies that the tensor is not only d T -closed (as it must be), but it is also d-closed and obeys:
Therefore it can be locally written in terms of a potential
Using the properties of closed conformal Killing-Yano tensors with torsion, the principal tensor generates a Killing-Yano with torsion 3-form * h, and a rank-2 Killing tensor
Such symmetries are responsible for separability of the Hamilton-Jacobi, Klein-Gordon, and torsion-modified Dirac equations in these spacetimes.
IV. SEPARABILITY OF VECTOR PERTURBATIONS Troca equation
Let us now proceed and consider a test massive vector field P on the above background. It is reasonable to expect that, similar to the Dirac case [25, 27] , the corresponding Proca equation will pick up the due torsion generalization. In what follows we shall argue that the natural sourceless massive vector equation to consider is
where m is the mass of the field, and the field strength F is defined via the torsion exterior derivative,
Being a torsion generalization of the Proca equation, we shall refer to the equation (28) as a 'Troca equation'. It implies the 'Lorenz condition'
To motivate the above form of the Troca equation, we demand that it is linear in P , reduces to the Proca equation in the absence of torsion, and would obey the current conservation in the presence of sources. We have three natural candidates for generalizing the 'Maxwell operator' ∇ · dP , namely:
(31) However, the last two do not obey the current conservation equation. Indeed, due to
, and similarly for O 3 . So we are left with O 1 which, when extended to the massive case, yields the Troca equation (28) .
Let us also note that the choice of operator O 1 is 'consistent' with the Maxwell equation for the background Maxwell field. Namely, due to the identity
valid for any vector X and any p-form ω, the field equations (12) can be written as
That is, identifying A with the Proca field in the test field approximation
which is the massless Troca equation (28) (upon treating the torsion as an independent field).
Separability
Having identified the Troca equation (28), let us now find its general solution in the supergravity background (18) . To this purpose we employ the LFKK ansatz:
and seek the solution in a separated form
where {µ, L 0 , L 1 , L 2 } are four 'separation constants'.
As in the case without torsion, it is useful to start with the Lorenz condition (30) . We find
where the differential operator D ν is given by
and we have defined
the latter definition being essentially the only difference when compared to the five-dimensional torsion-less case, c.f. (A13). In order to impose the Lorenz condition, we could now follow the procedure developed in [18] . Instead, let us proceed in a slightly different way, by using the following 'separability lemma' [11] :
is given by
where C j are arbitrary constants. Thus, demanding ∇ a P a = 0, using the expression (37), and the above lemma for n = 2 and f ν = D ν R ν /(q ν R ν ), yields the separated equations
where f ν is given by (41), that is, f ν = C 0 . With this at hand, let us now turn to the Troca equation (28) . Using the ansatz (35) and the Lorenz condition (30), the L.H.S. of the Troca equation takes the following form:
where the 'current' J is, similar to the Kerr-NUT-AdS case [18] , given by
or more explicitly,
Using the separation equations (42) and the lemma again, we find
In order for this to vanish, we require
Of course, in the case of massless vectors, we can set m = 0. To summarize, we have shown the separation of variables for the Troca equation (28) in the Chong-Cvetič-Lü-Pope black hole spacetime. The solution can be found in the form of the LFKK ansatz (35) , where the scalar function Z is written in the multiplicative separated form (36), and the modes R ν satisfy the ordinary differential equations (42) with f ν = C 0 = m 2 /µ 2 . The obtained solution is general in that it depends on four independent separation constants {µ, L 0 , L 1 , L 2 }. It remains to be seen if, similar to the Kerr-NUT-AdS case [19] , all polarizations (four in the case of massive field and three for m = 0) are captured by our solution.
V. CONCLUSIONS
The principal tensor is a very powerful object. It uniquely characterizes the class of vacuum black hole spacetimes (known as the Kerr-NUT-AdS metrics), and it generates towers of explicit and hidden symmetries. In turn, such symmetries underlie separability of the Hamilton-Jacobi, Klein-Gordon, Dirac, and as only recently shown also Maxwell and Proca equations in these spacetimes. The key to separating the vector equations is not to concentrate on the field strength (as previously thought) but rather employ a new LFKK separability ansatz (1) and (2) for the vector potential itself.
In this paper we have shown that the applicability of the LFKK ansatz goes far beyond the realm previously expected. Namely, we have demonstrated the separability of the vector field equation in the background of the Chong-Cvetič-Lü-Pope black hole of minimal gauged supergravity. Such a black hole no longer possesses a principal tensor. However, upon identifying the Maxwell 3-form of the theory with torsion, a weaker structure, the principal tensor with torsion, is present. Remarkably, such a structure enters the LFKK ansatz in precisely the same way as the standard (vacuum) principal tensor and allows one to separate the naturally torsion modified vector (Troca) field equations: 'principal tensor strikes again'. This result opens future horizons for applicability of both the LFKK ansatz and the torsion modified principal tensor. It is an interesting open question to see where the principal tensor is going to strike next.
The separability of (massive) vector equations in Kerr-NUT-AdS spacetimes has been recently demonstrated in [34] . However, although the result was claimed to be true in all dimensions, the explicit formulae were only stated in even dimensions. It is the purpose of this appendix to rectify this situation and present the separated equations in all dimensions, with the necessary alterations for odd-dimensions. This allows us then to compare the five-dimensional Kerr-NUT-AdS result to the fivedimensional SUGRA case studied in the main text.
To treat the odd (ǫ = 1) and even (ǫ = 0) dimensions simultaneously, we parameterize the total number of spacetime dimensions D as
The (off-shell) Kerr-NUT-AdS spacetime is the most general metric that admit the principal tensor without torsion. The metric and the principal tensor are
where the orthonormal frame is given by
and the metric functions are given by
The metric is a solution of Einstein-Λ equations, provided we set
where the constants c, c k , and b µ are related to the cosmological constant, angular momenta, mass, and NUT charges [2] . As per usual in these spacetimes, the separability property demonstrated below remains true offshell, for any functions
We are interested in finding a general solution of the Proca equation
in the background (A2), where F = dP . To this purpose we employ the LFKK ansatz
and seek the solution in the separated form
An immediate consequence of the Proca equation (A8) is the "Lorenz condition",
This provides an explicit linear ODE for the functions R ν (x ν ) appearing in the separation ansatz (A10), namely,
where q ν = 1 − µ 2 x 2 ν and the differential operator D ν is given by
Using the separability lemma in the main text for f ν = D ν R ν /(q ν R ν ), the Lorenz condition (A11) implies the following separated equations for the mode functions R ν :
where the polynomials f ν are given by (41), and are characterized by (n − 1) separation constants C j , j = 0, . . . , n − 2.
It is now possible to show that the Proca equation takes the form (valid both in odd and even dimensions)
where the "current" J is given by
The explicit form of the box operator, , in all dimensions is given in [35] . This yields the following formula for J:
Upon using the lemma again this amounts to 
To summarize, the solution of the Proca equation (A8) in the general Kerr-NUT-AdS spacetimes in all dimensions can be found in the LFKK form (A9), (A10), for the mode functions R ν satisfying the ordinary differential equations (A14). Such a solution is general in that it is characterized by (D − 1) independent separation constants {µ, C 1 , . . . C n−2 , L 0 , . . . , L n−1+ǫ }; the constant C 0 is not independent and is fixed by the mass of the vector according to equation (A19). Moreover, in four dimensions all three massive polarizations can be extracted from this solution [19] . It remains to be seen whether the same remains true in a general dimension D, that is, whether all D−1 polarizations of the massive and (D−2) polarizations of the massless vector field are encoded in this solution.
